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Íàéäåíû òðè ñåìåéñòâà ñòàöèîíàðíûõ â øèðîêîì ñìûñëå íåïðåðûâíûõ
ñëó÷àéíûõ ïðîöåññîâ ñ íóëåâûì ìàò. îæèäàíèåì, äëß êîòîðûõ êèíåòè-
÷åñêîå óðàâíåíèå ñî âòîðîé ïðîèçâîäíîé ïî âðåìåíè â ëåâîé ÷àñòè ïî-
ëó÷àåòñß èç ñîîòâåòñòâóþùåãî óðàâíåíèß ñ ïåðâîé ïðîèçâîäíîé (óðàâ-
íåíèß Ïàâóëû) äèôôåðåíöèðîâàíèåì ïî âðåìåíè.
Three sets of stationary in the wide sence continuous stochastic process
with zero average of distribution are found. The kinetic equation with a
second derivative with respect to time in left hand side for these sets results
from a corresponding equation with ﬁrst derivative (Pavul's equation) by
diﬀerentiation on a time.
Êëþ÷åâûå ñëîâà: íåïðåðûâíûå ñëó÷àéíûå ïðîöåññû, êèíåòè÷åñêîå
óðàâíåíèå, óðàâíåíèå Ïàâóëû.
Keywords: continuous stochastic process, the kinetic equation, Pavul's
equation.
Â ñâßçè ñ âûâîäîì íîâûõ êèíåòè÷åñêèõ óðàâíåíèé [1, 2] âîçíèêàåò ðßä ïðîáëåì
äëß èññëåäîâàíèß, è ïåðâàß ñðåäè íèõ  òàêàß: íå ßâëßåòñß ëè ïðîñòåéøåå èç íèõ






















ïîëó÷åííûì èç íåãî äèôôåðåíöèðîâàíèåì ïî t?
Îêàçàëîñü, ÷òî âî âñåõ ðàññìîòðåííûõ ðàíåå ìîäåëßõ ñòàöèîíàðíûõ ñëó÷àéíûõ
ïðîöåññîâ (ãàóññîâñêèé ïðîöåññ [3], ðýëååâñêèé ïðîöåññ [4], ïðîöåññ ñ ïèðîíîâñêèìè
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ïëîòíîñòßìè [5] è äð.) ýòî èìååò ìåñòî òîãäà è òîëüêî òîãäà, êîãäà ïîðîæäàþùàß
íîðìèðîâàííàß êîððåëßöèîííàß ôóíêöèß (ñîêðàùåííî  í.ê.ô.) r(τ) ðàññìàòðè-
âàåìîãî ïðîöåññà óäîâëåòâîðßåò ñîîòíîøåíèþ
r′′ (+0) = [r′ (+0)] 2. (1)
Íåïîñðåäñòâåííîé ïîäñòàíîâêîé ëåãêî óáåäèòüñß, ÷òî äëß í.ê.ô.
r (τ) = e−λ|τ | (λ > 0) , (2)
ñîîòâåòñòâóþùåé Ìàðêîâñêîìó ãàóññîâñêîìó ñëó÷àéíîìó ïðîöåññó, óñëîâèå (1) âû-
ïîëíßåòñß.
Îêàçàëîñü òàêæå, ÷òî íè îäíà èç í.ê.ô. ðàñïðîñòðàí¼ííûõ ìîäåëåé ðàäèîòåõíè-
÷åñêèõ ñîîáùåíèé, ïîìèìî (3) (ñì., íàïðèìåð, îáøèðíûé ñïèñîê êîððåëßöèîííûõ
ôóíêöèé â [6, 7] è äð.), óñëîâèþ (1) íå óäîâëåòâîðßåò. Ïðîâåä¼ííûå ðàíåå èññëå-
äîâàíèß [8] ïîêàçàëè òàêæå, ÷òî óñëîâèþ (1) íå áóäåò óäîâëåòâîðßòü íè îäíà èç
í.ê.ô. âèäà
r (τ) = ae−α|τ | + be−β|τ | (α > 0, β > 0) . (3)
Â òî æå âðåìß í.ê.ô.
r (τ) = e−|τ | − 3e−2|τ | + 3e−3|τ | (4)
óäîâëåòâîðßåò ñîîòíîøåíèþ (1), â ÷åì ëåãêî óáåäèòüñß íåïîñðåäñòâåííî. Ïîýòîìó
âîçíèêàåò çàäà÷à íàõîæäåíèß ïî âîçìîæíîñòè áîëåå øèðîêîãî êëàññà í.ê.ô., äëß
êîòîðûõ âûïîëíßåòñß óñëîâèå (1). Â ðàáîòå [9] ýòà çàäà÷à ðåøåíà äëß ôóíêöèé
âèäà
r (τ) = ae−λ|τ | + be−2λ|τ | + ce−3λ|τ |. (5)
Â äàííîé ðàáîòå ðàññìàòðèâàþòñß ôóíêöèè âèäà
r (τ) = ae−α|τ | + be−β|τ | + ce−γ|τ |, (6)
ãäå äëß îïðåäåëåííîñòè 0 < α < β < γ.
Ôóíêöèè (3) - (7) âõîäßò â ýòî ñåìåéñòâî êàê ÷àñòíûé ñëó÷àé.





−αk|τ | (αk > 0)
ïðåäñòàâëßþò îñîáûé èíòåðåñ, íàïðèìåð, ïðèìåíèòåëüíî ê ìåäëåííî èçìåíßþ-
ùèìñß ñëó÷àéíûì ïðîöåññàì, îïèñûâàþùèì ñàìîîïòèìèçèðóþùèåñß ðåãóëßòîðû,
êàê ëèíåéíûå, òàê è íåëèíåéíûå [10].
Íàïîìíèì, ÷òî êîððåëßöèîííàß ôóíêöèß R (τ) ïðîèçâîëüíîãî âåùåñòâåííîãî
ñòàöèîíàðíîãî íåïðåðûâíîãî ñëó÷àéíîãî ïðîöåññà ξ (t) ñ íóëåâûì ìàò. îæèäàíèåì
îïðåäåëßåòñß ôîðìóëîé
R (τ) =M [ξ (t+ τ) · ξ (t)]
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è îáëàäàåò ðßäîì ôóíäàìåíòàëüíûõ ñâîéñòâ, ñðåäè êîòîðûõ îòìåòèì íåîòðèöà-
òåëüíîñòü å¼ ïðåîáðàçîâàíèß Ôóðüå:
∀ω ∈ R F [R (τ)] (ω) ≡
∞∫
−∞
R (τ) e−iωτ dτ ≥ 0.
Ýòî ñâîéñòâî ßâëßåòñß õàðàêòåðèñòè÷åñêèì äëß êëàññà âñåõ êîððåëßöèîííûõ
ôóíêöèé: åñëè êàêàß-íèáóäü ôóíêöèß R (τ) îáëàäàåò ýòèì ñâîéñòâîì, òî ñóùå-
ñòâóåò ñòàöèîíàðíûé â øèðîêîì ñìûñëå ñëó÷àéíûé ïðîöåññ, äëß êîòîðîãî îíà
áóäåò ßâëßòüñß êîððåëßöèîííîé.
Òåì ñàìûì ïîñòàâëåííàß çàäà÷à ñâåëàñü ê ñëåäóþùåé: íàéòè ôóíêöèþ r (τ)
âèäà (6), îáëàäàþùóþ òàêèìè ñâîéñòâàìè:
à) r (0) = 1 ,
b) r′′ (+0) = [r′ (+0)] 2,
ñ) ∀ω ∈ R F [r (τ)] (ω) ≥ 0.
Óñëîâèå íîðìèðîâêè 0 äàåò
a+ b+ c = 1 , (7)
à òàê êàê ïðè τ > 0 r (τ) = a e−ατ + b e−βτ + c e−γτ , òî r′(+0) = −(α a + β b +
γ c); r′′(+0) = α2a + β2b + γ2c è óñëîâèå r′′ (+0) = [r′(+0)]2 ïåðåõîäèò â
(αa + βb + γc)2 = α2a + β2b + γ2c. (8)
Äàëåå ðàññìîòðèì òðè ñëó÷àß, âûðàæàß èç ñîîòíîøåíèß (8) ïîñëåäîâàòåëüíî
a, b èëè c.
1. Ïîäñòàâëßß â (8) a = 1− b− c è ðàñêðûâàß ñêîáêè, ïîëó÷àåì
(β − α)2(b2 − b) + (γ − α)2(c2 − c) + 2(β − α)(γ − α)bc = 0. (9)
Äàëåå ìîæíî ïîéòè åùå äâóìß ïóòßìè
1.1. Çàïèøåì ñîîòíîøåíèå (9) êàê êâàäðàòíûé òðåõ÷ëåí îòíîñèòåëüíî ïåðå-
ìåííîé c:
(γ − α)2c2 − (γ − α) [(γ − α)− 2b(β − α)] c− (β − α)2(b− b2) = 0.
Äèñêðèìèíàíò ýòîãî êâàäðàòíîãî òðåõ÷ëåíà
Dc/b = (γ − α)2
[
(γ − α)2 − 4b(β − α)(γ − β)] ;
óñëîâèå íåîòðèöàòåëüíîñòè äèñêðèìèíàíòà äàåò
b ≤ (γ − α)
2
4(β − α)(γ − β) .
Åñëè
b = bmax =
(γ − α)2
4(β − α)(γ − β) , (10)
òî Dc/b = 0 è c = (γ−α)[(γ−α)−2bmax(β−α)]2(γ−α)2 , îòêóäà
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c =
γ + α− 2β
4(γ − β) ; (11)
a = 1− bmax − c = 2β − α− γ4(β − α) (12)
Âû÷èñëèì äàëåå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè
r (τ) = ae−α|τ | + be−β|τ | + ce−γ|τ |
è íàéä¼ì óñëîâèß åãî íåîòðèöàòåëüíîñòè â òåðìèíàõ âåëè÷èí α, β, γ.























2(Aω4 +Bω2 + C)
(ω2 + α2)(ω2 + β2)(ω2 + γ2)
,
ãäå
A = αa+ βb+ γc,
B = α (β2 + γ2) a+ β (α2 + γ2) b+ γ (α2 + β2) c, (13)
C = αβγ (βγa+ αγb+ αβc);
â òåðìèíàõ êîýôôèöèåíòîâ A,B,C íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèß íåîòðè-
öàòåëüíîñòè ôóíêöèè F [r (τ)] (ω) âûãëßäßò òàê [9]:
(A ≥ 0)& (C ≥ 0)& [(B ≥ 0) ∨ (B2 − 4AC ≤ 0)]. (14)
Èññëåäóåì óñëîâèå (14) ïðè íàéäåííûõ çíà÷åíèßõ a (12), b (10) è c (11).
Â ñîîòâåòñòâèè ñ (13) èìååì:
A = α
2β − α− γ
4(β − α) + β
(γ − α)2
4(β − α)(γ − β) + γ
γ + α− 2β




B = α(β2 + γ2)
2β − α− γ
4(β − α) + β(α
2 + γ2)
(γ − α)2




) γ + α− 2β





2 (α+ γ)β2 + (γ − α)2β + (γ + α)(γ2 + α2)] > 0;




2β − α− γ
4(β − α) + αγ
(γ − α)2
4(β − α)(γ − β) + αβ








2αβ + 2βγ + 2αγ − α2 − γ2) ;
óñëîâèå C ≥ 0 äàåò
γ2 − 2(α+ β)γ − 2αβ + α2 ≤ 0 (15)
Êîðíè êâàäðàòíîãî òðåõ÷ëåíà â ëåâîé ÷àñòè (15) (îòíîñèòåëüíî ïåðåìåííîé γ)












β2 + 4αβ < β,
òî, çàäàâ ïðîèçâîëüíî 0 < α < β è âûáðàâ γ ∈
(






Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Ëþáàß ôóíêöèß âèäà
r (τ) = ae−α|τ | + be−β|τ | + ce−γ|τ |
ñ êîýôôèöèåíòàìè a (12), b (10) è c (11), ò.å. ôóíêöèß
r (τ) =
2β − α− γ
4(β − α) e
−α|τ | +
(γ − α)2
4(β − α)(γ − β)e
−β|τ | +
γ + α− 2β
4(γ − β) e
−γ|τ |
ïðè ëþáûõ 0 < α < β è γ ∈
(





ñòàöèîíàðíîãî â øèðîêîì ñìûñëå íåïðåðûâíîãî ñëó÷àéíîãî ïðîöåññà, óäîâëåòâî-
ðßþùåãî äîïîëíèòåëüíîìó óñëîâèþ
r′′ (+0) = [r′ (+0)]2 .
Â ÷àñòíîñòè, ïðè α = λ/2, β = λ è γ = 3λ/2 ïîëó÷àåì: a = c = 0, b = 1 è
r (τ) = e−λ|τ |.
1.2. Çàïèøåì ëåâóþ ÷àñòü (9) êàê êâàäðàòíûé òðåõ÷ëåí îòíîñèòåëüíî ïåðåìåí-
íîé b:
(β − α)2b2 − (β − α) [(β − α)− 2c(γ − α)] b− (γ − α)2(c− c2) = 0.
Äèñêðèìèíàíò ýòîãî êâàäðàòíîãî òðåõ÷ëåíà
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Db/c = (β − α)2
[
(β − α)2 + 4c(γ − α)(γ − β)] ;
óñëîâèå íåîòðèöàòåëüíîñòè äèñêðèìèíàíòà äàåò
c ≥ − (β − α)
2
4(γ − α)(γ − β) .
Åñëè
c = cmin = − (β − α)
2
4(γ − α)(γ − β) , (16)
òî b = (β−α)[β−α−2cmin(γ−α)]2(β−α)2 , îòêóäà
b =
2γ − β − α
4(γ − β) ; (17)
a = 1− b− cmin = 2γ − α− β4(γ − α) . (18)
Èññëåäóåì óñëîâèå (14) ïðè íàéäåííûõ çíà÷åíèßõ a (18), b (17) è c (16).
Â ñîîòâåòñòâèè ñ (13) èìååì:
A = α
2γ − α− β
4(γ − α) + β
2γ − β − α
4(γ − β) − γ
(β − α)2




B = α(β2 + γ2) · 2γ − α− β
4(γ − α) + β(α
2 + γ2) · 2γ − β − α
4(γ − β) −
−γ(α2 + β2) · (β − α)
2





2 (α+ β)γ2 + (β − α)2γ + (α+ β)(α2 + β2)] > 0;
C = αβγ
[
βγ · 2γ − α− β
4(γ − α) + αγ
2γ − β − α
4(γ − β) − αβ ·
(β − α)2






[α(2γ − α) + β(2γ − β) + 2αβ] > 0.
Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 2. Ëþáàß ôóíêöèß âèäà
r (τ) = ae−α|τ | + be−β|τ | + ce−γ|τ |
ñ êîýôôèöèåíòàìè a (18), b (17) è c (16), ò.å. ôóíêöèß
r (τ) =
2γ − α− β
4(γ − α) e
−α|τ | +
2γ − β − α
4(γ − β) e
−β|τ | − (β − α)
2
4(γ − α)(γ − β)e
−γ|τ |
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ïðè ëþáûõ 0 < α < β < γ ßâëßåòñß í.ê.ô. íåêîòîðîãî ñòàöèîíàðíîãî â øèðîêîì
ñìûñëå íåïðåðûâíîãî ñëó÷àéíîãî ïðîöåññà, óäîâëåòâîðßþùåãî äîïîëíèòåëüíîìó
óñëîâèþ
r′′ (+0) = [r′ (+0)]2 .







e−2λ|τ | − 1
8
e−3λ|τ |.
2. Ïîäñòàâëßß â (8) b = 1− a− cè ðàñêðûâàß ñêîáêè, ïîëó÷àåì
(β − α)2(a2 − a) + (γ − β)2(c2 − c)− 2(β − α)(γ − β)ac = 0 (19)
2.1. Çàïèøåì ëåâóþ ÷àñòü (19) êàê êâàäðàòíûé òðåõ÷ëåí îòíîñèòåëüíî ïåðå-
ìåííîé c:
(γ − β)2c2 − (γ − β) [2a(β − α) + (γ − β)] c− (β − α)2(a− a2) = 0
Äèñêðèìèíàíò ýòîãî êâàäðàòíîãî òðåõ÷ëåíà
Dc/a = (γ − β)2
[
(γ − β)2 + 4a(β − α)(γ − α)] ;
óñëîâèå íåîòðèöàòåëüíîñòè äèñêðèìèíàíòà äàåò
a ≥ − (γ − β)
2
4(β − α)(γ − α) .
Åñëè
a = amin = − (γ − β)
2
4(β − α)(γ − α) , (20)
òî Dc/a = 0 è c = (γ−β)[2amin(β−α)+(γ−α)]2(γ−β)2 , îòêóäà
c =
γ + β − 2α
4(γ − β) ; (21)
b = 1− amin − c = γ + β − 2α4(β − α) (22)
Èññëåäóåì óñëîâèå (14) ïðè íàéäåííûõ çíà÷åíèßõ a (20), b (22) è c (21).
Â ñîîòâåòñòâèè ñ (13) èìååì:
A = −α (γ − β)
2
4(β − α)(γ − α) + β
γ + β − 2α
4(β − α) + γ
γ + β − 2α




B = −α (β2 + γ2) (γ − β)
2
4(β − α)(γ − α) + β(α
2 + γ2)
γ + β − 2α




) γ + β − 2α
4(γ − β) =





2 (α+ γ)β2 + (γ − α)2β + (γ + α)(γ2 + α2)] > 0;
C = αβγ
[
−βγ (γ − β)
2
4(β − α)(γ − α) + αγ
γ + β − 2α
4(β − α) + αβ








2αβ + 2βγ + 2αγ − β2 − γ2) ;
óñëîâèå C ≥ 0 äàåò
γ2 − 2(α+ β)γ − 2αβ + α2 ≤ 0. (23)
Êîðíè êâàäðàòíîãî òðåõ÷ëåíà â ëåâîé ÷àñòè (23) (îòíîñèòåëüíî ïåðåìåííîé γ)












α2 + 4αβ < β,
òî, çàäàâ ïðîèçâîëüíî 0 < α < β è âûáðàâ γ ∈
(






Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 3. Ëþáàß ôóíêöèß âèäà
r (τ) = ae−α|τ | + be−β|τ | + ce−γ|τ |
ñ êîýôôèöèåíòàìè a (20), b (22) è c (21), ò.å. ôóíêöèß
r (τ) = − (γ − β)
2
4(β − α)(γ − α)e
−α|τ | +
γ + β − 2α
4(β − α) e
−β|τ | +
γ + β − 2α
4(γ − β) e
−γ|τ |
ïðè ëþáûõ 0 < α < β è γ ∈
(





ñòàöèîíàðíîãî â øèðîêîì ñìûñëå íåïðåðûâíîãî ñëó÷àéíîãî ïðîöåññà, óäîâëåòâî-
ðßþùåãî äîïîëíèòåëüíîìó óñëîâèþ
r′′ (+0) = [r′ (+0)]2 .
Â ÷àñòíîñòè, ïðè α = λ, β = 2λ è γ = 3λ ïîëó÷àåì a = − 18 , b = 34 , c = 38 è









2.2. Çàïèøåì ëåâóþ ÷àñòü (19) êàê êâàäðàòíûé òðåõ÷ëåí îòíîñèòåëüíî ïåðå-
ìåííîé a:
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(β − α)2a2 − (β − α) [(β − α) + 2c(γ − β)] a− (γ − β)2(c− c2) = 0.
Äèñêðèìèíàíò ýòîãî êâàäðàòíîãî òðåõ÷ëåíà
Da/c = (β − α)2
[
(β − α)2 + 4c(γ − α)(γ − β)] ;
óñëîâèå íåîòðèöàòåëüíîñòè äèñêðèìèíàíòà äàåò
c ≥ − (β − α)
2
4(γ − α)(γ − β) .
Åñëè c = cmin = − (β−α)
2





b = 1− a− cmin = 2γ − α− β4(γ − β) ,
à ýòîò ñëó÷àé ðàçðàáîòàí âûøå â ï.1.2.
3. Ïîäñòàâëßß â (8) c = 1− a− b è ðàñêðûâàß ñêîáêè, ïîëó÷àåì
(γ − α)2(a2 − a) + (γ − β)2(b2 − b) + +2(γ − α)(γ − β)ab = 0 (24)
3.1. Çàïèøåì ñîîòíîøåíèå (24) êàê êâàäðàòíûé òðåõ÷ëåí îòíîñèòåëüíî ïåðå-
ìåííîé a:
(γ − α)2a2 − (γ − α) [(γ − α)− 2b(β − α)] c− (γ − β)2(b− b2) = 0.
Äèñêðèìèíàíò ýòîãî êâàäðàòíîãî òðåõ÷ëåíà
Da/b = (γ − α)2
[
(γ − α)2 − 4b(β − α)(γ − β)] ;
óñëîâèå íåîòðèöàòåëüíîñòè äèñêðèìèíàíòà äàåò
b ≤ (γ − α)
2
4(β − α)(γ − β) .
Åñëè b = bmax = (γ−α)
2




4(β−α) ; c = 1− a− bmax = γ+α−2β4(γ−β) , à ýòîò ñëó÷àé ðàçîáðàí âûøå â ï. 1.1.
3.2. Çàïèøåì ëåâóþ ÷àñòü (24) êàê êâàäðàòíûé òðåõ÷ëåí îòíîñèòåëüíî ïåðå-
ìåííîé b:
(γ − β)2b2 − (γ − β) [(β − α)− 2a(γ − α)] b− (γ − α)2(a− a2) = 0.
Äèñêðèìèíàíò ýòîãî êâàäðàòíîãî òðåõ÷ëåíà
Db/a = (γ − β)2
[
(γ − β)2 + 4a(γ − α)(β − α)] ;
óñëîâèå íåîòðèöàòåëüíîñòè äèñêðèìèíàíòà äàåò
a ≥ − (γ − β)
2
4(β − α)(γ − α) .
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Åñëè a = amin = − (γ−β)
2





c = 1− amin − b = γ + β − 2α4(γ − α) ,
à ýòîò ñëó÷àé ðàçðàáîòàí âûøå â ï.2.1.
Âûâîä. Íàéäåíû òðè ñåìåéñòâà íîðìèðîâàííûõ êîððåëßöèîííûõ ôóíêöèé,
äëß êîòîðûõ âûïîëíßåòñß óñëîâèå r′′ (+0) = [r′ (+0)]2 , âûðàæàþùåå ñâßçü ìåæ-
äó êèíåòè÷åñêèì óðàâíåíèåì ñî âòîðîé ïðîèçâîäíîé ïî âðåìåíè â ëåâîé ÷àñòè è
ñîîòâåòñòâóþùèì óðàâíåíèåì ñ ïåðâîé ïðîèçâîäíîé (óðàâíåíèåì Ïàâóëû) ÷åðåç
äèôôåðåíöèðîâàíèå. Ñëó÷àé, êîãäà îäèí èç êîýôôèöèåíòîâ a, b, c â ôîðìóëå (6)
ïðèíèìàåò ýêñòðåìàëüíîå çíà÷åíèå, èññëåäîâàí ïîëíîñòüþ.
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